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Dedicated to the memory of Joe Diestel
Abstract. In this paper, we introduce the notion of the Bishop-Phelps-Bolloba´s prop-
erty for numerical radius (BPBp-ν) for a subclass of the space of bounded linear opera-
tors. Then, we show that certain subspaces of L(L1(µ)) have the BPBp-ν for every finite
measure µ. As a consequence we deduce that the subspaces of finite-rank operators,
compact operators and weakly compact operators on L1(µ) have the BPBp-ν.
1. Introduction
In this paper, we provide a version of Bishop-Phelps-Bolloba´s theorem for numerical
radius for operators. To recall such result we introduce some notation. For a Banach space
X, BX and SX will be the closed unit ball and the unit sphere of X, respectively. We will
denote by X∗ the topological dual of X and by L(X) the space of bounded linear operators
on X endowed with the operator norm. The symbols F(X), K(X) and WC(X) denote
the spaces of finite-rank operators, compact operators and weakly compact operators on
X, respectively. It is well known that F(X) ⊂ K(X) ⊂ WC(X). Throughout this paper
the normed spaces will be either real or complex.
Bishop-Phelps-Bolloba´s theorem states that for any Banach space X, given 0 < ε < 1,
and (x, x∗) ∈ BX × SX∗ such that |x∗(x) − 1| < ε22 , there is a pair (y, y∗) ∈ SX × SX∗
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satisfying
‖y − x‖ < ε, ‖y∗ − x∗‖ < ε and y∗(y) = 1
(see for instance [4], [5, Theorem 16.1] or [6, Corollary 2.4]).
After some interesting papers about denseness of the set of norm attaining operators,
in 2008 it was initiated the study of versions of Bishop-Phelps-Bolloba´s Theorem for
operators [1]. More recently it was considered the problem of obtaining versions of such
results for numerical radius of operators (see [11, Definition 1.2]). We just mention that
the numerical radius of an operator is a continuous semi-norm in the space L(X) for every
Banach space X.
Guirao and Kozhushkina proved that the spaces c0 and ℓ1 satisfy the Bishop-Phelps-
Bolloba´s property for numerical radius (BPBp-ν) in the real case as well as in the complex
case [11]. Falco´ showed the same result for L1(R) in the real case [10, Theorem 9]. Choi,
Kim, Lee and Mart´ın extended the previous result to L1(µ) for any positive measure µ [8,
Theorem 9]. Avile´s, Guirao and Rodr´ıguez provided sufficient conditions on a compact
Hausdorff space K in order that C(K) has the BPBp-ν in the real case [3, Theorem 2.2].
For instance, a metrizable space K satisfies the previous condition [3, Theorem 3.2]. It is
an open problem whether or not such result is satisfied for any compact Hausdorff space
K in the real case. In the complex case there are no results until now for C(K) spaces.
In this paper, motivated by Definition 1.2 of [11], we introduce the notion of the BPBp-
ν for subspaces of the space of bounded linear operators. A Banach space X satisfies the
BPBp-ν, introduced in [11], if and only if the space M = L(X) satisfies the BPBp-ν
(Definition 2.1). Then, we give some sufficient conditions on a subspace M of L(L1(µ))
to satisfy the BPBp-ν, for any finite measure µ. More precisely, we show that M has the
BPBp-ν ifM contains the space of finite-rank operators on L1(µ), is contained in the class
of representable operators on L1(µ) (see Definition 2.5) and T|A ∈ M for every T ∈ M
and any measurable set A, where T|A is the operator on L1(µ) given by T|A(f) = T (fχA)
for all f ∈ L1(µ). As a consequence of the main result we obtain that for any σ-finite
measure µ, the spaces of finite-rank operators, compact operators and weakly compact
operators on L1(µ) have the BPBp-ν. The results are valid in the real as well as in the
complex case.
THE BISHOP-PHELPS-BOLLOBA´S PROPERTY 3
2. Bishop-Phelps-Bolloba´s theorem for numerical radius for some classes of
operators on L1(µ)
If X is a Banach space and T ∈ L(X), we recall that the numerical radius of T , ν(T ),
is defined by
ν(T ) = sup
{|x∗(T (x))| : x ∈ SX , x∗ ∈ SX∗ , x∗(x) = 1}.
In general the numerical radius is a semi-norm on L(X) satisfying ν(T ) ≤ ‖T‖ for each
T ∈ L(X). The numerical index of X, n(X) is defined by
n(X) = inf{ν(T ) : T ∈ SL(X)}.
Hence, n(X) is the greatest constant t such that t‖T‖ ≤ ν(T ) for each T ∈ L(X). It is
always satisfied that 0 ≤ n(X) ≤ 1 and, in case that n(X) = 1, it is said that X has
numerical index equal to 1. In such case it is satisfied that ν(T ) = ‖T‖ for each T ∈ L(X).
It is well known that the spaces L1(µ) and C(K) have numerical index equal to 1 for any
measure µ and any compact Hausdorff space K [7, Theorem 2.2].
Guirao and Kozhushkina [11] introduced the definition of the BPBp-ν. We will use a
little different concept by admitting subclasses of the space of bounded linear operators
on a Banach space X.
Definition 2.1. Let X be a Banach space and M a subspace of L(X). We will say
that M has the Bishop-Phelps-Bolloba´s property for numerical radius (BPBp-ν) if for
every 0 < ε < 1, there is η(ε) > 0 such that whenever S ∈ M, ν(S) = 1, x0 ∈ SX and
x∗0 ∈ SX∗ are such that x∗0(x0) = 1 and |x∗0(S(x0))| > 1− η(ε), there are T ∈ M, x1 ∈ SX
and x∗1 ∈ SX∗ such that
i) x∗1(x1) = 1,
ii) |x∗1(T (x1))| = ν(T ) = 1,
iii) ν(T − S) < ε, ‖x1 − x0‖ < ε and ‖x∗1 − x∗0‖ < ε.
Let us notice that for spaces with numerical index equal to one, Definition 2.1 can be
reformulated by using the usual norm of the space L(X) instead of the numerical radius.
The following simple technical lemmas will be useful. Next lemma is a straightforward
consequence of [1, Lemma 3.3].
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Lemma 2.2. Assume that {zk : k ∈ N} ⊂ {z ∈ C : |z| ≤ 1} and {βk : k ∈ N} ⊂ C
satisfies that
∑∞
k=1 |βk| = 1. If 0 < ε < 1 and Re(
∑∞
k=1 βkzk) > 1− ε2, then∑
k∈B
|βk| > 1− ε,
where B = {k ∈ N : Re(βkzk) > (1− ε)|βk|}.
Next result is a generalization of Lemma 2.2 to L1(µ). Also it extends [11, Lemma
2.3] where the authors state the analogous result for the sequence space ℓ1.
Lemma 2.3. Let (Ω,Σ, µ) be a measure space. Assume that 0 < ε < 1, f ∈ BL1(µ) and
g ∈ BL∞(µ) are such that
1− ε2 < Re
∫
Ω
fg dµ.
Then the set C given by
C = {t ∈ Ω : Re f(t)g(t) > (1− ε)|f(t)|},
satisfies that
Re
∫
C
fg dµ > 1− ε.
Proof. It is clear that the set C is measurable. By assumption we have
1− ε2 < Re
∫
Ω
fg dµ ≤ Re
∫
C
fg dµ+ (1− ε)
∫
Ω\C
|f | dµ
≤ εRe
∫
C
fg dµ+ (1− ε)
(∫
C
|f | dµ +
∫
Ω\C
|f | dµ
)
≤ εRe
∫
C
fg dµ+ 1− ε.
Hence,
Re
∫
C
fg dµ > 1− ε.

Lemma 2.4. Let z be a complex number, 0 < ε < 1 and assume that
Re z > (1− ε)|z|.
Then
|z − |z|| <
√
2ε|z|.
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Proof. We write z = x + iy, where x, y ∈ R. Since x2 + y2 = |z|2 and x = Re z >
(1− ε)|z|, we have y2 ≤ |z|2 − (1− ε)2|z|2 = (2ε − ε2)|z|2. It follows that
∣∣z − |z|∣∣2 = (|z| − x)2 + y2 < (ε|z|)2 + (2ε− ε2)|z|2 = 2ε|z|2.

We recall the following notion (see for instance [9, Definition III.3]).
Definition 2.5. Let (Ω,Σ, µ) be a finite measure space and Y a Banach space. An
operator T ∈ L(L1(µ), Y ) is called Riesz representable (or simply representable) if there is
h ∈ L∞(µ, Y ) such that T (f) =
∫
Ω hf dµ for all f ∈ L1(µ). We say that the function h is
a representation of T .
We will use the following identification.
Proposition 2.6. ([9, Lemma III.4, p. 62]) Let (Ω,Σ, µ) be a finite measure space
and Y be a Banach space. There is a linear isometry Φ from the space R of representable
operators in L(L1(µ), Y ) into L∞(µ, Y ) such that if T ∈ R and Φ(T ) = h, then it is
satisfied that
T (f) =
∫
Ω
hf dµ, for all f ∈ L1(µ).
It is known that WC(L1(µ)) is a subset of the representable operators into L1(µ)
whenever µ is any finite measure (see for instance [9, Theorem III.12, p. 75]). We will
write R(L1(µ)) for the space of representable operators into L1(µ). Given T ∈ L(L1(µ))
and a measurable subset A of Ω, we will denote by T|A the operator on L1(µ) given by
T|A(f) = T (fχA) for all f ∈ L1(µ).
In [2, Theorem 2.3] it was proved that a subspace of L(L1(µ), Y ) that contains the
subspace of finite-rank operators and is contained in the space of representable operators
and that satisfies also an additional assumption has the Bishop-Phelps-Bolloba´s property
for operators whenever Y has the so called AHSp, a property satisfied by L1(µ). Now we
will prove a parallel result for numerical radius for subspaces of L(L1(µ)). Of course, such
proof is more involved since we have to approximate one pair of elements (x, x∗) in the
product of SL1(µ) × S(L1(µ))∗ instead of one element in the unit sphere of L1(µ).
In the proof of the next result we will write g(f) instead of
∫
Ω g(t)f(t) dµ for each
element f ∈ L1(µ) and g ∈ L∞(µ).
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Theorem 2.7. Let (Ω,A, µ) be a finite measure space and let M be a subspace of
L(L1(µ)) such that F(L1(µ)) ⊆ M ⊆ R(L1(µ)). Assume also that for each measurable
subset A of Ω and each T ∈ M it is satisfied T|A ∈ M. Then M has the BPBp-ν, and the
function η satisfying Definition 2.1 is independent from the measure space and also from
M.
Proof. Let us fix 0 < ε < 1. We take η
(
= η(ε)
)
= ε
8
233 . Assume that T0 ∈ SM,
f0 ∈ SL1(µ) and g0 ∈ SL∞(µ) satisfy g0(f0) = 1 and |g0(T0(f0))| > 1 − η. Let λ0 be a
scalar with |λ0| = 1 and such that |g0(T0(f0))| = Reλ0g0(T0(f0)). By changing T0 by
λ0T0 we may assume that Re g0(T0(f0)) = |g0(T0(f0))|. In view of Proposition 2.6 there
is a function h0 ∈ SL∞(µ,L1(µ)) associated to the operator T0. Since the proof is long we
divided it into five steps.
Step 1. In this step we will approximate the pair of functions (f0, g0) by a new pair
(f1, g1) such that f1 and g1 take a countable set of values and also there are subsets where
f1, g1 are constant and h0 has small oscillation on these subsets.
More concretely, we will show that there are functions f1 ∈ SL1(µ) and g1 ∈ SL∞(µ)
and a countable family {Dk : k ∈ J} ⊂ Ω of pairwise disjoint measurable sets such that
µ(Dk) > 0 for all k ∈ J , µ(Ω \
⋃
k∈J Dk) = 0 and such that the following conditions are
satisfied
(2.1) ‖f1 − f0‖1 < ε
4
, ‖g1 − g0‖∞ < ε
4
,
(2.2) Re g1(f1) > 1− η, Re g1(T0(f1)) > 1− η,
(2.3) for each k ∈ J, f1 and g1 are constant on Dk
(2.4) sup{‖h0(s)− h0(t)‖1 : s, t ∈ Dk} ≤ η, ∀k ∈ J,
and
(2.5) 1 = ‖h0‖∞ = sup{‖h0(t)‖1 : t ∈ ∪k∈JDk}.
Since the set of simple functions is dense in both L1(µ) and L∞(µ), there are simple
functions f1 ∈ SL1(µ) and g1 ∈ SL∞(µ) satisfying (2.1) and (2.2).
On the other hand, by [9, Theorem II.2, p. 42] there is a measurable subset E1 of Ω
such that µ(E1) = 0 and h0(Ω \ E1) is a separable subset of L1(µ). Suppose that the set
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{yi : i ∈ N} is dense in h0(Ω \E1). Since f1 and g1 are simple functions, we can assume
that Im(f1) = {ar : r = 1, . . . , n} and Im(g1) = {bl : l = 1, . . . ,m}. Now, for i ∈ N,
r ∈ {1, . . . , n} = N and l ∈ {1, . . . ,m} =M we consider the following subsets of Ω
A(1,r,l) = h
−1
0 (B η
2
(y1)) ∩ (Ω \ E1) ∩ f−11 (ar) ∩ g−11 (bl)
and
A(i,r,l) = (h
−1
0 (B η
2
(yi)) \ ∪i−1e=1h−10 (B η
2
(ye))) ∩ (Ω \E1) ∩ f−11 (ar) ∩ g−11 (bl), ∀i ≥ 2.
It is clear that the elements of the family {A(i,r,l) : (i, r, l) ∈ N×N ×M} are measurable
subsets of Ω and pairwise disjoint. Now, let W = {(i, r, l) ∈ N×N ×M : µ(A(i,r,l)) = 0}
and E2 =
⋃
(i,r,l)∈W A(i,r,l). By the definition of W it is trivially satisfied that E2 is
measurable and µ(E2) = 0. On the other hand there exists a measurable subset E3 of
Ω \ (E1 ∪ E2) such that µ(E3) = 0 and ‖h‖∞ = sup{‖h(t)‖1 : t ∈ Ω\E3}. Assume that
{Dk : k ∈ J} is the family of pairwise disjoint measurable subsets obtained by indexing
the set {A(i,r,l) \ E3 : (i, r, l) ∈ (N ×N ×M) \W}. Then, we have that µ(Dk) > 0 for all
k ∈ J , µ(Ω \⋃k∈J Dk) = 0 and also the family {Dk : k ∈ J} satisfies the conditions (2.3),
(2.4) and (2.5). Therefore, by (2.3) there are sets of scalars {αk : k ∈ J} and {γk : k ∈ J}
such that
(2.6) f1 =
∑
k∈J
αk
χDk
µ(Dk)
,
∑
k∈J
|αk| = 1, g1 =
∑
k∈J
γkχDk , |γk| ≤ 1, ∀k ∈ J.
Step 2. In this step we will define another simple function f2 ∈ SL1(µ) which is an
approximation of f1, and can be expressed as a finite sum instead of the countable sum
appearing in the expression of f1 given in (2.6).
By (2.6) and (2.2) there is a finite subset F of J such that
(2.7)
∑
k∈F
|αk| > 1− η > 0, Re g1
(∑
k∈F
αk
χDk
µ(Dk)
)
> 1− η,
and also
(2.8) Re g1
(
T0
(∑
k∈F
αk
χDk
µ(Dk)
))
> 1− η.
8 M.D. ACOSTA, M. FAKHAR, AND M. SOLEIMANI
For each k ∈ F we put βk = αk∑
k∈F |αk|
and define f2 =
∑
k∈F βk
χDk
µ(Dk)
. In view of (2.7)
and (2.8) we have that
(2.9) Re g1(f2) = Re g1
(∑
k∈F
βk
χDk
µ(Dk)
)
> 1− η
and
(2.10) Re g1(T0(f2)) = Re g1
(
T0
(∑
k∈F
βk
χDk
µ(Dk)
))
> 1− η.
Clearly f2 ∈ SL1(µ) and by (2.6), (2.7) we have that
‖f2 − f1‖1 =
∥∥∥∥
∑
k∈F
βk
χDk
µ(Dk)
−
∑
k∈J
αk
χDk
µ(Dk)
∥∥∥∥
1
=
∥∥∥∥
∑
k∈F
βk
χDk
µ(Dk)
−
∑
k∈F
αk
χDk
µ(Dk)
−
∑
k∈J\F
αk
χDk
µ(Dk)
∥∥∥∥
1
≤
∑
k∈F
|βk − αk|+
∑
k∈J\F
|αk| = 1−
∑
k∈F
|αk|+
∑
k∈J\F
|αk|(2.11)
= 2
(
1−
∑
k∈F
|αk|
)
< 2η <
ε
4
.
Step 3. Now, we approximate the function h0 by a new one h2 such that for each
k ∈ F the new function is constant on each Dk. So we also approximate the operator T0
by a new one.
For this aim we choose an element tk in Dk, for any k ∈ F , put ψk = h0(tk) ∈ L1(µ) and
define h1 ∈ L∞(µ,L1(µ)) by
h1 = h0χΩ\(
⋃
k∈F Dk)
+
∑
k∈F
ψkχDk .
By (2.5) we have that ‖h1‖∞ ≤ 1. If T1 ∈ L(L1(µ)) is the operator associated to h1, then
T1 is the sum of T0|Ω\(
⋃
k∈F Dk)
and a finite-rank operator, so T1 ∈ BM. By using (2.4),
we clearly have
‖T1 − T0‖ = ‖h1 − h0‖∞ ≤ sup{‖ψk − h0(t)‖1 : t ∈ Dk, k ∈ F}(2.12)
= sup{‖h0(tk)− h0(t)‖1 : t ∈ Dk, k ∈ F} ≤ η.
Since ‖T0‖ = 1 we get that 0 < 1 − η ≤ ‖T1‖ ≤ 1. Now we define T2 = T1‖T1‖ and so we
have that
‖T2 − T1‖ = 1− ‖T1‖ ≤ η.
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In view of the previous inequality and (2.12) we obtain that
(2.13) ‖T2 − T0‖ ≤ ‖T2 − T1‖+ ‖T1 − T0‖ ≤ 2η < ε
4
.
From (2.10) and (2.13) we get that
Re g1(T2(f2)) ≥ Re g1(T0(f2))− ‖T2 − T0‖ > 1− 3η.(2.14)
On the other hand, it is clear that
T1(f2) =
∫
Ω
h1f2 dµ =
∫
Ω\
⋃
k∈F Dk
h1f2 dµ+
∑
k∈F
∫
Dk
h1f2 dµ =
∑
k∈F
βkψk.
For simplicity, for each k ∈ F , put φk = ψk‖T1‖ . So we have that
T2(f2) =
∑
k∈F
βkφk.
It is clear that φk ∈ BL1(µ) for every k ∈ F . From (2.9) and (2.14) we obtain that
Re g1
(∑
k∈F
βk
2
(
χDk
µ(Dk)
+ φk
))
= Re g1
(
f2 + T2(f2)
2
)
> 1− 2η.
Step 4. In this step we will obtain approximations f3, T3 of f2 and T2, respectively.
We will check in the final step that T3 attains its norm at f3, a necessary condition for
our purpose. In fact f3 and T3 are the final approximations to f0 and T0.
Define the set G as follows
G =
{
k ∈ F : Re g1
(
βk
2
(
χDk
µ(Dk)
+ φk
))
>
(
1−
√
2η
)|βk|
}
.
In view of Lemma 2.2 we have that
(2.15)
∑
k∈G
|βk| > 1−
√
2η = 1− ε
4
216
.
It is immediate that
Re βkg1
(
χDk
µ(Dk)
)
>
(
1− 2
√
2η
)
|βk| =
(
1− ε
4
215
)
|βk|, ∀k ∈ G.
So, for each k ∈ G we have
Re βkγk = Reβkg1
(
χDk
µ(Dk)
)
>
(
1− ε
4
215
)
|βk| ≥
(
1− ε
4
215
)
|βkγk|.
Hence, we obtain that βk 6= 0 for k ∈ G and also that
(2.16) |γk| > 1− ε
4
215
> 0, ∀k ∈ G.
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By using also Lemma 2.4 we get
|βkγk − |βkγk|| < ε
2
27
|βkγk|.
Hence,
(2.17)
∣∣∣∣βk − |βkγk|γk
∣∣∣∣ < ε
2
27
|βk| and
∣∣∣∣γk − |βkγk|βk
∣∣∣∣ < ε
2
27
|γk|, ∀k ∈ G,
so
(2.18)
∣∣∣∣ γk|γk| −
|βk|
βk
∣∣∣∣ < ε
2
27
, ∀k ∈ G.
The element f3 given by
f3 =
1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
χDk
µ(Dk)
belongs to the unit sphere of L1(µ). Now, by using (2.15) and (2.17) we get that
‖f3 − f2‖1 =
∥∥∥∥ 1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
χDk
µ(Dk)
−
∑
k∈F
βk
χDk
µ(Dk)
∥∥∥∥
1
=
∥∥∥∥ 1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
χDk
µ(Dk)
−
∑
k∈G
βk
χDk
µ(Dk)
−
∑
k∈F\G
βk
χDk
µ(Dk)
∥∥∥∥
1
≤
∑
k∈G
∣∣∣∣ 1∑
k∈G |βk|
|βkγk|
γk
− βk
∣∣∣∣+
∑
k∈F\G
|βk|(2.19)
≤
∑
k∈G
∣∣∣∣ 1∑
k∈G |βk|
|βkγk|
γk
− |βkγk|
γk
∣∣∣∣+
∑
k∈G
∣∣∣∣ |βkγk|γk − βk
∣∣∣∣+
∑
k∈F\G
|βk|
≤ 1−
∑
k∈G
|βk|+
∑
k∈G
ε2
27
|βk|+
∑
k∈F\G
|βk|
≤ 2
(
1−
∑
k∈G
|βk|
)
+
ε2
27
≤ ε
8
.
In view of (2.1), (2.11) and (2.19), we obtain that
‖f3 − f0‖1 ≤ ‖f3 − f2‖1 + ‖f2 − f1‖1 + ‖f1 − f0‖1 < ε
8
+
ε
4
+
ε
4
< ε.(2.20)
Now notice obviously that
Reβkg1(φk) >
(
1− 2
√
2η
)|βk| >
(
1− ε
4
214
)
|βk|, ∀k ∈ G.
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For each k ∈ G, define Pk as follows
Pk =
{
t ∈ Ω : Reβkg1(t)φk(t) >
(
1− ε
2
27
)
|βkφk(t)|
}
.
Clearly Pk is a measurable set. According to Lemma 2.3, for each k ∈ G we have
Re
∫
Pk
βkg1φk dµ >
(
1− ε
2
27
)
|βk|,
so
(2.21)
∫
Pk
|φk|dµ > 1− ε
2
27
> 0.
Let us fix k ∈ G and t ∈ Pk. Notice that βkg1(t) 6= 0. By Lemma 2.4 it follows
∣∣βkg1(t)φk(t)− |βkg1(t)φk(t)| ∣∣ < ε
23
|βkg1(t)φk(t)|,
so
(2.22)
∣∣∣∣φk(t)− |βkg1(t)φk(t)|βkg1(t)
∣∣∣∣ < ε23 |φk(t)|, ∀k ∈ G, t ∈ Pk.
For each k ∈ G we can define the element ϕk in L1(µ) by
ϕk =
γk
|γk|
|φk|∫
Pk
|φk| dµ
|g1|
g1
χPk .
It is immediate that ϕk ∈ SL1(µ). From (2.21) and (2.22), for each k ∈ G we have
‖ϕk − φk‖1 ≤ ‖ϕk − φkχPk‖1 + ‖φkχΩ\Pk‖1
<
∥∥∥∥ϕk − φkχPk
∥∥∥∥
1
+
ε2
27
≤
∥∥∥∥ϕk − γk|γk| |φk|
|g1|
g1
χPk
∥∥∥∥
1
+
∥∥∥∥ γk|γk| |φk|
|g1|
g1
χPk −
|βk|
βk
|φk| |g1|
g1
χPk
∥∥∥∥
1
+
∥∥∥∥ |βk|βk |φk|
|g1|
g1
χPk − φkχPk
∥∥∥∥
1
+
ε2
27
≤
∥∥∥∥ϕk − γk|γk| |φk|
|g1|
g1
χPk
∥∥∥∥
1
+
∣∣∣∣ γk|γk| −
|βk|
βk
∣∣∣∣+ ε23 +
ε2
27
(2.23)
≤
∥∥∥∥ϕk − γk|γk| |φk|
|g1|
g1
χPk
∥∥∥∥
1
+
ε
4
(by (2.18))
=
∥∥∥∥ γk|γk|
|φk|∫
Pk
|φk| dµ
|g1|
g1
χPk −
γk
|γk| |φk|
|g1|
g1
χPk
∥∥∥∥
1
+
ε
4
= 1−
∫
Pk
|φk| dµ + ε
4
<
ε2
27
+
ε
4
<
ε
2
.
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Let the function h3 be defined as follows
h3 =
h1
‖h1‖∞χΩ\
⋃
k∈GDk
+
∑
k∈G
ϕkχDk .
It is easy to see that h3 belongs to the unit sphere of L∞(µ,L1(µ)). Let T3 ∈ SL(L1(µ)) be
the operator associated to the function h3 in view of Proposition 2.6. Since G is a finite
set, F(L1(µ)) ⊂M and T1 ∈M, by using the assumptions onM we know that T3 ∈ SM.
We also have that
‖T3 − T2‖ =
∥∥∥∥h3 − h1‖h1‖∞
∥∥∥∥
∞
=
∥∥∥∥h3χΩ\(∪k∈GDk) +
∑
k∈G
h3χDk −
h1
‖h1‖∞
χΩ\(∪k∈GDk) −
∑
k∈G
h1
‖h1‖∞
χDk
∥∥∥∥
∞
=
∥∥∥∥ h1‖h1‖∞χΩ\(∪k∈GDk) +
∑
k∈G
ϕkχDk −
h1
‖h1‖∞
χΩ\(∪k∈GDk) −
∑
k∈G
φkχDk
∥∥∥∥
∞
=
∥∥∥∑
k∈G
(
ϕk − φk
)
χDk
∥∥∥
∞
= sup
k∈G
∥∥ϕk − φk∥∥1 ≤ ε2 (by (2.23)).
By the previous inequality and (2.13) we obtain
(2.24) ‖T3 − T0‖ ≤ ‖T3 − T2‖+ ‖T2 − T0‖ < ε.
Step 5. Finally, we are going to find an approximation of g1 and complete our proof.
We put A =
{
t ∈ Ω : |g1(t)| ≥ 1 − ε227
}
and let the function g2 be defined by g2 =
g1
|g1|χA + g1χΩ\A. Since g1 ∈ SL∞(µ), we have that g2 ∈ SL∞(µ). It is also clear that
(2.25) ‖g2 − g1‖∞ ≤ ε
2
27
.
By using (2.1) and (2.25) we also have that
(2.26) ‖g2 − g0‖∞ ≤ ‖g2 − g1‖∞ + ‖g1 − g0‖∞ ≤ ε
2
27
+
ε
4
< ε.
By (2.16) we know that |γk| > 1− ε4215 for each k ∈ G. Since G ⊂ J , in view of (2.6),
the restriction of g1 to Dk coincides with γk and so Dk ⊂ A for all k ∈ G. Hence,
g2|Dk =
γk
|γk| , ∀k ∈ G.
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Therefore, we deduce that
g2(f3) = g2
(
1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
χDk
µ(Dk)
)
=
1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
1
µ(Dk)
g2
(
χDk
)
(2.27)
=
1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
γk
|γk| = 1.
For each k ∈ G, from the definition of Pk and A, we deduce that Pk ⊂ A, so
(2.28) g2(ϕk) =
∫
Pk
γk
|γk|
|φk|∫
Pk
|φk| dµ
dµ =
γk
|γk| .
Since
T3(f3) =
∫
Ω
h3f3 dµ =
1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
ϕk,
by using (2.28) we have that
g2(T3(f3)) =
1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
g2
(
ϕk
)
=
1∑
k∈G |βk|
∑
k∈G
|βkγk|
γk
γk
|γk| = 1.(2.29)
We have shown that there are elements T3 ∈ SM, f3 ∈ SL1(µ) and g2 ∈ SL∞(µ) that in
view of (2.20), (2.24), (2.26), (2.27) and (2.29) satisfy
‖T3 − T0‖ < ε, ‖f3 − f0‖1 < ε, ‖g2 − g0‖∞ < ε
and also
g2(f3) = g2(T3(f3)) = 1.
So we showed that M has the BPBp-ν with the function η given by
η(ε) =
ε8
233
. 
In case that µ is a σ-finite measure, there is a finite measure ζ and a linear isometry
Φ from L1(µ) onto L1(ζ). From this fact we deduce the following result which generalizes
Theorem 2.7 for some well-known classes of operators.
Corollary 2.8. Let (Ω,Σ, µ) be a σ-finite measure space. The following subspaces
of L(L1(µ)) have the BPBp-ν and the function η satisfying Definition 2.1 is independent
from the measure space.
14 M.D. ACOSTA, M. FAKHAR, AND M. SOLEIMANI
1) The subspace of all finite-rank operators on L1(µ).
2) The subspace of all compact operators on L1(µ).
3) The subspace of all weakly compact operators on L1(µ).
In case that µ is finite, then the subspace of all representable operators on L1(µ) also has
the BPBp-ν.
Proof. Assume first that µ is a finite measure. It is known that F(L1(µ)) ⊂ K(L1(µ))
⊂ WC(L1(µ)) ⊂ R(L1(µ)) and T|A(BL1(µ)) ⊂ T (BL1(µ)) for each T ∈ L(L1(µ)) and every
measurable subset A of Ω. Also, it is clear that T|A ∈ R(L1(µ)) for any T ∈ R(L1(µ)) and
every measurable subset A of Ω. Therefore, the spaces F(L1(µ)), K(L1(µ)), WC(L1(µ))
and R(L1(µ)) satisfy the assumptions of Theorem 2.7, and so the above statements hold
in case that µ is finite.
Now, let µ be a σ-finite measure. We will show that the space F(L1(µ)) satisfies the
BPBp-ν. There is a finite measure ζ and a surjective linear isometry Φ from L1(µ) into
L1(ζ). The mapping Φ induces a surjective linear isometry from F(L1(µ))) into F(L1(ζ)))
given by T 7→ Φ ◦ T ◦ Φ−1. Since Φ is an isometry, it follows that ν(T ) = ν(Φ ◦ T ◦ Φ−1)
for every T ∈ F(L1(µ)). On the other hand, it is satisfied that (f, g) ∈ Π(L1(µ)) if and
only if (Φ(f), (Φ−1)t(g)) ∈ Π(L1(ζ)). Also (Φ−1)t(g)(Φ ◦ T ◦ Φ−1(Φ(f))) = g(T (f)) for
every T ∈ F(L1(µ))). Since F(L1(ζ)) has the BPBp-ν we deduce the same property for
F(L1(µ)).
The proofs of the statements 2) and 3) are analogous. 
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